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68. Proposed by I. J. WIREBACK, M. D., St. Petersburg, Penn. 

What is the volume of a segment of a right cone, whose diameter is 6 inches and 
perpendicuhir 9 inches ? The section being parallel with the perpendicular of the cone 
and includes 1 of its circumference at the base. 

I. Solution by C. W. H. BLACK, A. M., Professor oi Hiithematics in Wesleyan Academy, Wilbraham, Mass, 

Let OBE be section of cone perpendicular to section cutting ofi' segment 
ADB. By considering projection of hyperbolic section 
^Don parallel plane through the axis, it is seen that 
the asymptotes are intersections of latter plane with con- 
ical surface. Accordingly, if OF=a, FA=b, equation to 
hyperbola is 

a-y- — b''x- = — n-h". 

Now FA —CD=\ side of square inscribed in circle 
^B=|, 2 = /). OF: FA = OC:CB, or OF: -|,/2 = 9 : 3 ; 
0/''=|| 2 — ((. Substituting in formula for area of hyperbola. 




area AD^(h VO.r, .r^- a^'-afeiog^^ ^"^' ^' — —\ 



..9/81-^-271og.(^±^^^5E^, 



= V, 2-Vl"g..(l 2 + 1). 

Volume of conical segment 0^4 Z)=;^C/>x area AD, =%■ — Yi/21«g«(r 2 + 1). 
Area of circular segment /?/) = 9-/4— -|, =|(-— 2). 
Volume of conical segment 05/)=|0Cx area DB, =-/(-— 2). 
Volume ABD^volume OBD—volame 0^Z)=^^"(--2)— </ + Vl 2logXr 2 + 1) 
= V--27+ Vl'2logv(i 2 + 1), =2.619+ cubic inches. 

II. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics in Russell College, 
Lebanon, Va. 

Let AFB—C be the cone, GLDMF the section made by the plane cutting 
off the given segment. Let AB=& = 2R, 00 = 9=/i, 
OE=c. Since / G0F=-/2, GF=Ry^ 2. 

. • . 0A:= , OG^^GW' = ]/W-TR'' = J «, 2 

--4(3,,'2)=.c. 
Let CN^x, then CO : OB=r.CN : NK. 

or h : R=x : NK. .-. NK---=Rx/h-NL. 

Similarly CP^-CO-DF==h-^g^-=r.Jl-'L, 

R R 

Jl^x'^ f ch \ r 

Area of segment LMK^-~--cob--^\~j^\ ---■/R'^ x^ —h'^ 
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■• ''"SL { T^ "'"(^)- T"-"''--"'"- } "'■ 



=3{9cos-i(-^^2")- 9 +?1— -log(v/2+l)}, =2.619 cubic inches. 

in. Solution b7 J. SCHEFFEK, A. M., Hagerstown, Md. 

I Solution. Designating, the radius of the base by r, the altitude by h, 
and choosing the center of the base for the origin of orthogonal coordinates, CO 
for the axis of z, the radius OB for the axis of x and a radius parallel to the sec- 
tion FDG for that of y, we find the equation of the cone to be 



and the volume V of COFGD 

jrf(/= — I dxx (r—i/x^ + y'^)dy, 



- -I ( r\ r^ — x° — a;'log ' Ia 



fe, 



=\hxy r^— x^ +-^r2/isin-Ha^/r)-| -~- log 



hx''' . r+ |/ r'— x'^ 



r X 

Substituting a;=(r/2)|/'2, we have for the volume COFGD the expression 

^[4 + --i/2.1og(v'2 + l)],andforthatofB-i='(?/)^-[^-4 + , 2.1og(,-2 + l)] 

II Solution. Let HK be a circle parallel to AB cutting the hyperbola 
FDK in the points L and M, and let the diameter HK cut the axis DE at Q. 
Put 0£=6, OjP=r, CO:^=ft, DQ=:x, LQ=y. We find from the geometry of the 
figure y'={2br/x)x+{r^/h^)x^ as the equation of the hyperbola FDK. 

r Mhr r'^ 

.-. Avesiof FDK=2J dx\—j~x +~p- a;^ between the limits 0, 

and DE = — . Integrating we find for this area the expression, 



•. Voiumeof c?02?'G/)=Aj"^^ r^/l^r::zj¥^ inogl±±lJ'l:z]^yi, 



=|7(.6|/ r*— 6^ + Ir^'ftsm-* — — J— p-log — '^ , ■ 1, 



and \ohmeo{BFGD=^rHcos-i-^-^hb]/ r«- b^+^-^log '' 

III Solution. Let HK be a circle parallel to AB, and N its centre. 
Through iV draw a diameter parallel to the hyperbolic section FGD. Put 
CN^^x, OE—h, BO^r, CO=h, then the area of the circular segment lying be- 
tween the diameter through N and the parallel chord LM 



r-x" . , 6/). for 

— -r— sni-i 1- --," 

ft' rx h 



■J "-^■- 



Volume of conical section COFGD 



r ^ r r . . .bh , .r , \ „ bum 

the integrals to be taken between h—DE—bh/r and h. Thus we find for this 
volume the expression 



hb^ . r+|/ r° — b- 



|ftfo| ' »•"•— ft«+ Jr-Asin-i — J- log 
and for the volume of the conical section DBFG, 

Jr-ftcos i~_ — t''fo| ' — + s log ' . 

HisToiiicAL Note. The famous astronomer Kkplkr tried hard to And the volume of such conical 
sections a.s the above, but ali his efforts proved futile. 

Also siolved by QEOROE LILLEY, Ph. D., LL. D., and CHARLES O. CROSS. Dr. Lilley obtained a 
numerical result of 6.771 cubic inches, and Professor Cross obtained 2.258979 cubic inches. 



PROBLEMS FOR SOLUTION. 



ARITHMETIC. 

87. Proposed by E. W. HOSEELL, A. H., Professor of Mathematics, Hontpelier Seminary, Hontpelier, Tt. 
A and B set out frcm the same place, and in the same direction. A travels uniform- 
ly 18 miles per day, and after 9 days turns and goes back as far as B has traveled during 
those 9 days ; he then turns again, and, pursuing his journey, overtakes B 22i days after 
the time they first set out. It is required to find the rate at which B uniformly traveled. 
[From Oreenleafs Arithmetic] 

88. Proposed by J. A. CALDESHEAD, H. Sc, Professor of Mathematics, Curry University, Pittsburg, Pa. 
Find the principal of a note given March 19, 1891, bearing interest at 6%. Pay- 
ments: September 1, 1892, $243.50 ; January 19, 1893, $6.90; April 13, 1894, $19.10; Septem- 
ber 19, 1894, $110.90. Amount due February 22, 1897, $229.10. 



